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Let R be a local ring of essentially ﬁnite type over a ﬁeld k of characteristic
p > 0. We introduce the concept of pn-bases for an integer n > 0, and the notions
of an n-admissible ﬁeld for R/k and of a t-admissible ﬁeld for R/k. For such a
local ring R we give regularity criteria in terms of the higher differential algebra
and of a pn-basis, respectively.  2002 Elsevier Science
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1. INTRODUCTION
Let A be an afﬁne algebra over a ﬁeld k of characteristic p > 0 and
R a quotient ring of A with respect to a prime ideal of A. In [K, (7.5)],
Kunz gave a regularity criterion of such a local ring R in terms of the
module of differentials with the assumption that A is generically reduced.
Furthermore, for such a local ring R, Orbanz [O, (4.2)] obtained a regularity
criterion in terms of the algebra of universally ﬁnite differentials with some
assumptions of separability on the residue ﬁeld of R.
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In this paper, we try to give a regularity criterion for such a local ring
R without “separability(or reducibility) assumptions.” For the sake of this
aim, ﬁrst we introduce the concept of pn-bases for an integer n > 0, as an
extension’s concept of the p-basis. Motivated by the concept of admissibility
in [K], we next introduce the notions of an n-admissible ﬁeld for R/k and
of a t-admissible ﬁeld for R/k. Then we prove the following.
Theorem (See (5.3)). Let A be an afﬁne algebra over a ﬁeld k of char-
acteristic p > 0 and R a quotient ring of A with respect to a prime ideal of
A. For each t t = 1	 2	 
 
 
, let qt ⊂ k be a subﬁeld that is t-admissible
for R/k, and for each n n = 1	 2	 
 
 
, let hn ⊂ k be a subﬁeld that is n-
admissible for R/k. Then the following conditions are equivalent:
(1) R is a regular local ring.
(2) The higher differential algebra DtR/qt of R over qt of length t
is a polynomial ring over R for every t t = 1	 2	 
 
 
.
(3) There exists a pn-basis of R/hn for every n n = 1	 2	 
 
 
.
(4) There exists a pn-basis of R/Rp
n
for every n n = 1	 2	 
 
 
.
Moreover, we show that the assertion 4 ⇒ 1 is true for more general
local rings, as follows:
Theorem (See (3.3)). Let R be a Noetherian local ring of prime char-
acteristic p. If R/Rp
n
has a pn-basis for every n n = 1	 2	 
 
 
, then R is
regular.
The converse of the result is not true in general (cf. [KN, Example 3.8]).
For the proof of these results we use techniques similar to those used in
[K] and [O] but with some modiﬁcations.
This paper is organized as follows. In Section 2, we recall the deﬁnition
of a higher differential algebra deﬁned in [KY]. The lemma in (2.5) is a key
to the proof of our results in Section 5. In Section 3, we deﬁne a pn-basis of
a ring R over a subring P . Furthermore, we investigate a relation between
pn-bases and higher differential algebras, and we prove the ﬁrst main result
(see (3.3)). In Section 4, we deﬁne an n-admissible ﬁeld for R/k and a t-
admissible ﬁeld for R/k. In Section 5, we prove the second main result (see
(5.3)) and others.
2. PRELIMINARIES
All rings in this paper are commutative rings with identity elements. A
ring homomorphism will always mean a ring homomorphism which sends
identity element to identity element. We always denote by t a natural
number.
Let P be a ring and R a P-algebra with a ring homomorphism ρ P → R.
regularity criterion of noetherian rings 221
2.1. Let S be an R-algebra with a ring homomorphism f  R → S. For
an integer n > 0, by a higher P-derivation of length n from R into S we
mean a sequence D = D0	D1	 
 
 
 	Dn of mappings Di R→ S such that:
(1) D0 = f ,
(2) Diab =
∑i
j=0DjaDi−jb	Dia+ b = Dia +Dib for any
a	 b ∈ R and i ≥ 0,
(3) Diρ = 0 for all i ≥ 1.
We denote the set of all higher P-derivations of length n from R into S
by HDernPR	 S.
2.2. Let A be an R-algebra and dR/P = d0	 d1	 
 
 
 	 dt ∈ HDertP
R	A. Then A (together with dR/P) will called a higher differential
algebra of R over P of length t if the following conditions are satisﬁed:
(1) As an R-algebra, A is generated by the elements dia  a ∈
R	 0 ≤ i ≤ t.
(2) For any R-algebra V and for any D = D0	D1	 
 
 
 	Dt ∈ HDertP
R	 V , there exists a ring homomorphism g A → V such that Di = gdi
for all i ≥ 0.
It is known that a higher differential algebra of R over P of length t exists
and is uniquely determined up to isomorphism (cf. [KY, B]). We denote by
DtR/P the higher differential algebra of R over P of length t, and dR/P
is called the associated derivation of DtR/P. We denote by DtR/Pn the
R-submodule of DtR/P generated by the elements
dn1a1 · · ·dnsas  ai ∈ R	 0 ≤ ni ≤ t	
n1 + · · · + ns = n for some s ≥ 1

Then we have that DtR/P = ⊕∞n=0DtR/Pn, and thus DtR/P has the
structure of a graded R-algebra (cf.[KY]).
2.3. Let R/P	 dR/P) be the module of differentials of R/P (cf.[M, p.
182]) (in the notation in [K] it is denoted by 1R/P	 dR/P). Then it is known
that DtR/P1 = R/P for any integer t ≥ 1 (cf. [KY]).
2.4. Let M be an R-module. The idealization of R and M is the ring
RM = R ⊕M with addition a	 x + b	 y = a + b	 x + y and mul-
tiplication a	 xb	 y = ab	 ay + bx
 Then 0 ⊕M is an ideal of RM
with 0⊕M2 = 0. Let g R → RM be the mapping deﬁned by ga =
a	 0a ∈ R. Then g is a ring homomorphism. By g and gρ, the ring RM
has an R-algebra structure and a P-algebra structure.
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Lemma. Let D R→M be a P-derivation. Then, for any integers i	 t 1 ≤
i ≤ t	 there exist D0	D1	 
 
 
 	Dt ∈ HDertPR	RM such that D0 = g,
Dj = 0 j = 0	 i, and Dia = 0	Da for any a ∈ R.
Proof. Let T be an indeterminate over RM and E R→ RMT /
T t+1 the mapping deﬁned by Ea = a	 0 + 0	DaT i a ∈ R. Then
it is clear that E is a P-algebra homomorphism. Thus there exist the higher
derivations D0	D1	 
 
 
 	Dt ∈ HDertPR	RM corresponding to E, and
we get the assertion.
2.5. Let m be an ideal of R. We denote by Z the ideal m⊕∞i=1 DtR/Pi
of the graded R-algebra DtR/P. Then Z2i = Z2 ∩ DtR/Pi is an
R-submodule of DtR/Pi. Let Ai 2 ≤ i ≤ t be the R-submodule of
DtR/Pi generated by the set xy  x ∈ DtR/Pj , y ∈ DtR/Pi−j ,
1 ≤ j ≤ i − 1 and A1 = 0. Put dR/P = d0	 d1	 
 
 
 	 dt. Then the map-
ping δi R → DtR/Pi/Ai x → dix +Ai is a P-derivation of R into
the R-module DtR/Pi/Ai for every i 1 ≤ i ≤ t. Further, we get the
following:
Lemma. (1) DtR/Pi/Ai	 δi = R/P , dR/P 1 ≤ i ≤ t.
(2) There is a K-module isomorphism DtR/Pi/Z2i  DtR/P1/
mDtR/P1 for every i1 ≤ i ≤ t, where K = R/m.
Proof. (1) Let M be an R-module and D R → M a P-derivation.
With the same notation as in (2.4), there exist D0	D1	 
 
 
 	Dt ∈
HDertPR	RM such that D0 = g, Dj = 0 j = 0	 i, and Dia =
0	Da for any a ∈ R. By the universal property of dR/P, there exists the
ring homomorphism φ DtR/P → RM such that Dj = φdj 0 ≤ j ≤ t.
Thus φ induces the R-module homomorphism φi DtR/Pi → RM.
Since φiAi = 0, the map φi induces the R-module homomorphism
φ¯i DtR/Pi/Ai → RM. It is clear that φ¯iδi = Di, and hence
eφ¯iδi = D, where e RM → M is the R-module homomorphism
deﬁned by ea	 x = x.
(2) From Z2i = mDtR/Pi + Ai, we see that DtR/Pi/Z2i =
DtR/Pi/Ai/mDtR/Pi +Ai/Ai = DtR/P1/mDtR/P1 by (1).
2.6. We consider the R-algebra DtR/P. Put dR/P = d0	 d1	 
 
 
 	 dt.
(1) If DtR/P1 is generated by the set d1xi  i ∈ I for some
elements xi  i ∈ I of R as an R-module, then DtR/P is generated by
the set djxi  i ∈ I	 1 ≤ j ≤ t as an R-algebra.
(2) In particular, suppose that R is a Noetherian local P-algebra with
the maximal ideal m, and put K = R/m. Assume that DtR/P1 is a ﬁnitely
generated R-module. From the exact sequence of K-modules
m/m2 → DtR/P1/mDtR/P1 → DtK/P1 → 0	
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DtK/P1 is also a ﬁnitely generated K-module. We put z¯1	 
 
 
 	 z¯s z¯i =
zi +m as a subset of K such that DtK/P1 is generated by the elements
h1z¯1	 
 
 
 	 h1z¯s as a K-module, where dK/P = h0	 h1	 
 
 
 	 ht. Then,
by Nakayama’s lemma, DtR/P1 is generated by d1a1	 
 
 
 	 d1ar,
d1z1	 
 
 
 	 d1zs, where m = a1	 
 
 
 	 ar. Therefore, by (1), DtR/P
is a ﬁnitely generated R-algebra generated by
dja1	 
 
 
 	 djar	 djz1	 
 
 
 	 djzs  1 ≤ j ≤ t

The proof of (1) is obtained from (1) of (2.5) inductively.
3. pn-BASIS
In the ﬁeld theory of prime characteristic p, it is known that the notion of
the p-basis coincides with that of the differential basis (cf. [M, p. 271]). In
this section we introduce the notion of the pn-basis and consider a relation-
ship of its concept and that of a higher differential algebra. Furthermore,
we prove the ﬁrst main result (see (3.3)).
3.1. Let P be a ring, R a P-algebra of prime characteristic p, and n > 0
an integer.
(3.1.1) Deﬁnition. Let Rp
n
denote the subring xpn  x ∈ R of R
and PRp
n
denote the subring of R generated by the set axpn  a ∈
P	 x ∈ R. A subset B ⊂ R is said to be pn-independent (in R ) over PRpn
if the monomials be11 · · · bemm , where b1	 
 
 
 	 bm are distinct elements of B
and 0 ≤ ei < pn	 are linearly independent over PRpn . A subset B of R is
called a pn-basis of R/P (or a pn-basis of R/PRp
n
) if it is pn-independent
over PRp
n
and R = PRpnB.
It is clear that for a subset B = bj  j ∈ J of R, B is a pn-basis of
R/PRp
n
if and only if Bp
i = bpij ∈ Rp
i  j ∈ J is a p-basis of PRpi/PRpi+1
for every i0 ≤ i ≤ n− 1
 If R is reduced and R/Rp has a p-basis B, then
B is a pn-basis of R/Rp
n
for every nn = 1	 2	 
 
 
. Let K be a ﬁeld of
characteristic p > 0 and k a subﬁeld of K. Then the existence of a p-basis
of K/k is well known, but a pn-basis of K/k does not exist in general. If K/k
has a pn-basis, then p-degK/k = p-degkKpi/kKpi+10 ≤ i ≤ n − 1	
where p-degK/k is the p-degree of K/k (cf. [K], p. 77).
3.1.2. Let A = ai  i ∈ I be a subset of R and a the ideal of the
polynomial ring PRp
nX = PRpnXi  i ∈ I over PRpn generated by
the set Xpni − ap
n
i  i ∈ I. Suppose f  PRp
nX → PRpnA ⊂ R is the
PRp
n
-algebra homomorphism deﬁned by f Xi = ai i ∈ I
 Since f a =
0	 it induces the PRp
n
-algebra homomorphism g PRpnX/a → PRpnA.
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Then we have the following:
Lemma. The following conditions are equivalent:
(1) A = ai  i ∈ I is pn-independent over PRpn .
(2) g PRpnX/a→ PRpnA is an isomorphism.
Proof. The proof is similar to that of [Ko, Lemma 2, p. 5].
Next we point out a relation between pn-bases and higher differential
algebras.
3.1.3. Proposition. Let A = ai  i ∈ I be a subset of R, and let n > 0
and t > 0 be integers with pn−1 ≤ t < pn. Assume that R = PRpnA. Then
the following conditions are equivalent:
(1) A = ai  i ∈ I is a pn-basis of R/P .
(2) DtR/P is the polynomial ring with variables djai  i ∈ I	 1 ≤
j ≤ t over R, where dR/P = d0	 d1	 
 
 
 	 dt.
Proof. We use the same notations as in (3.1.2). Furthermore we put
Q = PRpn . Then DtR/P = DtR/Q, and thus the associated derivation
dR/Q of DtR/Q coincides with dR/P = d0	 d1	 
 
 
 	 dt.
(1) ⇒ (2). Let A = ai  i ∈ I be a pn-basis of R/P . Then we
have R = QA = QX/a by (3.1.2). Hence it holds that DtR/P =
DtR/Q = DtQX/Q/Jta, where Jta is the ideal of DtQX/Q
generated by qjx  x ∈ a	 j ≥ 0 by [KY, Proposition 3], where
dQX/Q = q0	 q1	 
 
 
 	 qt. Since qjXp
n
i − ap
n
i  = 0j ≥ 1, we have
Jta = a. From [KY, Proposition 7], DtQX/Q is the polyno-
mial ring with variables qjXi  i ∈ I	 1 ≤ j ≤ t over QX. Thus
DtR/P = R ⊗Q QqjXi = Rdjai. Therefore we get our
assertion.
(2) ⇒ (1). Since R = QA, it is enough to show that kerf  =
a by the lemma in Subsection 3.1.2. It is clear that kerf  ⊃ a. For the
Q-algebra homomorphism f QX= S → R, there exists the S-algebra
homomorphism φDtS/Q → DtR/Q such that φqj = djf 0 ≤ j ≤ t,
where dS/Q = q0	 q1	 
 
 
 	 qt. Let h ∈ kerf . Since Xp
n
i − ap
n
i ∈ a, we
may assume that degXih ≤ pn − 1 for all i ∈ I. If h = 0, we may further
assume that h has the lowest total degree m = degh ≥ 1 among all the
elements of kerf . In S = QX, the polynomial h can be written
h =∑ beXe1i1 · · ·X
em
im
be ∈ Q	 0 ≤ ej ≤ pn − 1	
with certain i1	 
 
 
 	 im ∈ I. Apply q1 to h; q1h =
∑∂h/∂Xiq1Xi, and
hence φq1h = d1f h = 0. Therefore we have
∑∂h/∂aid1ai = 0 in
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DtR/Q, where ∂h/∂ai is the image of ∂h/∂Xi by f . By the assumption
that d1ai are variables over R, we have ∂h/∂ai = 0 for each i. Hence
we get ∂h/∂Xi ∈ kerf 
 Since deg∂h/∂Xi < m, we have ∂h/∂Xi = 0.
This implies that ei is a multiple of p if be = 0. Thus we may assume that
a presentation of h is
h =∑ b′eXpe1i1 · · ·X
pem
im
b′e ∈ Q	 0 ≤ ej ≤ pn−1 − 1

Next we apply qp to h. The same arguments as those above show that a
presentation of h is
h =∑ b′′eXp
2e1
i1
· · ·Xp2emim b′′e ∈ Q	 0 ≤ ej ≤ pn−2 − 1

Continuing this process, then we get degXih ≥ pn for some i ∈ I. This is
a contradiction. Hence we have kerf  = a. It follows from the lemma in
Section 3.2 that A = ai  i ∈ I is a pn-basis of R/P .
(3.2) Lemma. Let R	m	K be a Noetherian local ring of prime charac-
teristic p and n > 0 an integer. Suppose that there exists a pn-basis of R/Rp
n


Then R/Rp
n
has a pn-basis of the form a1	 
 
 
 	 ar ∪ xi  i ∈ I such that
m = a1	 
 
 
 	 ar r = dimK m/m2 and x¯i  i ∈ I is a pn-basis of K/Kpn ,
where x¯i = xi +m.
Proof. It is clear that there exists a pn-basis of R/Rp
n
of the form yj ∈
R  j ∈ J ∪ xi ∈ R  i ∈ I such that x¯i  i ∈ I is a pn-basis of K/Kpn ,
where x¯i = xi + m. Put X = xi  i ∈ I, Y = yj  j ∈ J, and R0 =
Rp
nX. Then R0 is a local ring with the residue ﬁeld K and Y is a pn-basis
of R/R0
 It follows from Section 3.1.3 that for an integer t > 0 with pn−1 ≤
t < pn, the differential algebra DtR/R0 is a polynomial ring with variables
hiyj  j ∈ J	 1 ≤ i ≤ t over R, where dR/R0 = h0	 h1	 
 
 
 	 ht. Since K
is the residue ﬁeld of R0, we ﬁnd elements bj ∈ R0 and aj ∈ m such that
yj − bj = aj for each j. It is clear that the set aj  j ∈ J consists of distinct
elements. Since hiyj = hiaj in DtR/R0 and R = R0aj  j ∈ J	
hence DtR/R0 is a polynomial ring with variables hiaj  j ∈ J	 1 ≤
i ≤ t over R. Thus aj  j ∈ J is a pn-basis of R/R0 by Section 3.1.3.
Therefore aj  j ∈ J ∪ X is a pn-basis of R/Rpn
 It is known that the
sequence
0→ m/m2 f→ R/π/mR/π
g→ K/π → 0	
where π is a prime ﬁeld of R (see [K, (6.1)]), is exact. Since DtR/π1 =
R/π , we have R/π = ⊕j∈JRdaj ⊕ ⊕i∈IRdxi and hence m/m2 
Imf  = ⊕j∈JKdaj, where d is the associated derivation of R/π . Con-
sequently, we get dimK m/m2 = J, and hence aj  j ∈ J = a1	 
 
 
 	 ar
and m = a1	 
 
 
 	 ar.
Now we show the ﬁrst main result.
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(3.3) Theorem. Let R	m	K be a Noetherian local ring of prime char-
acteristic p. If there exists a pn-basis of R/Rp
n
for every n n = 1	 2	 
 
 
, then
R is a regular local ring.
Proof. Put m = a1	 
 
 
 	 ar r = dimK m/m2. We show that
a1	 
 
 
 	 ar is an R-regular sequence. Let FX1	 
 
 
 	Xr ∈ RX1	 
 
 
 	Xr
be a homogeneous polynomial of degree i such that Fa1	 
 
 
 	 ar ∈ mi+1.
Let t > 0 and n > 0 be integers such that i ≤ t and pn−1 ≤ t < pn. Then
there exists a pn-basis of R/Rp
n
of the form b1	 
 
 
 	 br ∪ xi  i ∈ I such
that m = b1	 
 
 
 	 br and x¯i  i ∈ I is a pn-basis of K/Kpn by Section 3.2.
Put R0 = RpnX⊂ R, where X = xi  i ∈ I. Then R0 is a local ring
with the residue ﬁeld K and b1	 
 
 
 	 br is a pn-basis of R/R0. It follows
from Section 3.1.3 that DtR/R0 is the polynomial ring with variables
djb1	 
 
 
 	 djbr  1 ≤ j ≤ t over R, where dR/R0 = d0	 d1	 
 
 
 	 dt.
On the other hand, by Section 2.6, DtR/R0 is an R-algebra generated by
dja1	 
 
 
 	 djar  1 ≤ j ≤ t. Therefore DtR/R0 is the polynomial ring
with variables dja1	 
 
 
 	 djar  1 ≤ j ≤ t by [ZS, Chap. I, Sect. 18,
Theorem 15]. Hence we have diFa1	 
 
 
 	 ar ∈ mDtR/R0, because
Fa1	 
 
 
 	 ar ∈ mi+1. It follows that Fd1a1	 
 
 
 	 d1ar ∈ mDtR/R0.
Since d1a1	 
 
 
 	 d1ar are variables over R, all coefﬁcients of
FX	 
 
 
 	Xr are in m. Consequently, R is a regular local ring.
Remark. The converse of Section 3.3 is not true in general (cf. [KN,
Example 3.8]), but if R is essentially of ﬁnite type over a ﬁeld, then it is
true (see Section 4.4 below).
4. n-ADMISSIBLE FIELDS
In this section we introduce the notion of an n-admissible ﬁeld after the
model of the concept of an admissible ﬁeld in [K].
(4.1) Deﬁnition. Let k be a ﬁeld of characteristic p > 0 and R a local
ring which is essentially of ﬁnite type over k. Let m be the maximal ideal
of R and K = R/m. For an integer n > 0, a subﬁeld qn ⊂ k is called
n-admissible for R/k if the following conditions are satisﬁed:
(1) kp
n ⊂ qn ⊂ k and k  qn <∞.
(2) There exist pn-bases of k/qn and K/qn.
(3) p-degK/qn = p-degk/qn + TrdegK/k.
(4) dimKR/qn/mR/qn = dimKm/m2 + p-degK/qn.
For an integer n > 0 and t > 0 with pn−1 ≤ t < pn, any n-admissible ﬁeld
for R/k is called also t-admissible for R/k and denoted by qt	 ht	 
 
 
 .
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(4.2) Proposition (Existence of n-Admissible Fields). Let k and R be
as in Deﬁnition 4.1. Then, for an integer n > 0, there exists a subﬁeld qn ⊂ k
that is n-admissible for R/k.
Proof. Let m be the maximal ideal of R and K = R/m. In the
language of [K], one can ﬁnd a subﬁeld k0 ⊂ k such that k0 is admis-
sible for the algebraic function ﬁeld K/k and dimK1R/k/m1R/k =
e dimR + Tr degK/k + p-degk/k0 by (5.21) and the proof of
(6.22) in [K]. Let B = b1	 
 
 
 	 bq q = p-degk/k0 be a p-basis
of k/k0, C = c1	 
 
 
 	 cm m = p-degK/k0 a p-basis of K/k0, and
X = xi  i ∈ I a p-basis of k0/kp. Then B ∪ X is a p-basis of k/kp,
C ∪ X is a p-basis of K/Kp by (5.22) in [K], and m = q + Tr degK/k
by (5.20) in [K]. Therefore B ∪X and C ∪X are pn-bases of k/kpn and
K/Kp
n
respectively. Put qn = kpnX. Then B and C are pn-bases of
k/qn and K/qn respectively. Since m = p-degK/qn and q = p-degk/qn,
we get the assertion (3) of (4.1). Furthermore, from 1R/q0 = R/qn , qn is
n-admissible for R/k.
5. REGULARITY CRITERIA
In this section we use the following notations:
t a natural number
k a ﬁeld of characteristic p > 0
A a ﬁnitely generated k-algebra
p a prime ideal of A
R the quotient ring Ap of A with respect to p
m the maximal ideal of R
K = R/m

In this section we shall give regularity criteria for the local k-algebra R
in terms of the concept of a higher differential algebra and of a pn-basis,
repectively.
(5.1) Let qt ⊂ k be a subﬁeld that is t-admissible for R/k. We
denote by Z the ideal m⊕⊕∞j=1DtR/qtj of DtR/qt. Then Zj = Z ∩
DtR/qtj and Z2j = Z2 ∩DtR/qtj are R-submodules of DtR/Pj
and Zj = Z2j for all j > t. It is clear that Z/Z2 and Zj/Z2j are K-vector
spaces and Z/Z2 = ⊕tj=0Zj/Z2j . Furthermore we have the following.
Lemma. dimKZ/Z2 = r + tr +m, where r = dimKm/m2 and m =
p-degK/qt.
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Proof. By Lemma (2.2), it holds that Zj/Z2j = DtR/qtj/Z2j =
DtR/qt1/mDtR/qt1 for each j 1 ≤ j ≤ t. Furthermore we have
dimKDtR/qt1/mDtR/qt1 = r +m
by Deﬁnition 4.1. Thus we get dimKZ/Z2 = r + tr +m.
(5.2) Theorem. Suppose that R is a regular local ring. Then the following
conditions are satisﬁed:
(1) DtR/qt is a polynomial ring over R for every t t = 1	 2	 
 
 

and for every subﬁeld qt ⊂ k that is t-admissible for R/k.
(2) There exists a pn-basis of R/qn for every n n = 1	 2	 
 
 
 and for
every subﬁeld qn ⊂ k that is n-admissible for R/k.
Proof. (1) For an integer t > 0, let qt ⊂ k be a subﬁeld that
is t-admissible for R/k, n > 0 the integer with pn−1 ≤ t < pn, and
qn ⊂ k a subﬁeld that is n-admissible for R/k such that qt = qn.
Let A = kX1	 
 
 
 	Xu/I be a presentation of the k-algebra A. Take
P ∈ SpeckX such that P/I = p, where kX = kX1	 
 
 
 	Xu. Put
S = kXP and n = PS. Then R = S/n and S	n is a regular local
ring with the residue ﬁeld K and dimS = u − Tr degK/k (cf. [K, (2),
p. 117]). Let b1	 
 
 
 	 bq be a pn-basis of k/qn. Then q = p-degk/qn and
b1	 
 
 
 	 bq	X1	 
 
 
 	Xu is a pn-basis of S/qn. ThusDtS/qn is the polyno-
mial ring with tq + u variables hjb1	 
 
 
 	 hjbq	 hjX1	 
 
 
 	 hjXu 
1 ≤ j ≤ t over S from (3.1.3), where dS/qn = h0	 h1	 
 
 
 	 ht. Lety1	 
 
 
 	 ym be a pn-basis of K/qn, then we have m = p-degK/qn
and DtK/qn = KDjy1	 
 
 
 	Djym by Section 3.1.3, where dK/qn =D0	D1	 
 
 
 	Dt. Since K = S/n, there are elements zi ∈ S 1 ≤ i ≤ m
such that zi + n = yi. Put n = g1	 
 
 
 	 gs s = dimS. Then, by
(2.6), we have that DtS/qn is the S-algebra generated by ts + m
elements hjg1	 
 
 
 	 hjgs	 hjz1	 
 
 
 	 hjzm  1 ≤ j ≤ t. Since qn
is n-admissible for R/k, we get m − q = Tr degK/k = u − s. Thus
tq + u = ts + m. Therefore DtS/qn is the polynomial ring with
variables hjg1	 
 
 
 	 hjgs	 hjz1	 
 
 
 	 hjzm  1 ≤ j ≤ t over S by
[ZS, Chap. I, Sect. 18, Theorem 15]. Since R is regular and R = S/IS,
so IS is generated by a subsystem of a regular parameter system of
S. Thus we may assume that n = g1	 
 
 
 	 gs, IS = gr+1	 
 
 
 	 gs and
m = n/IS = g¯1	 
 
 
 	 g¯rg¯i = gi + IS	 r = dimR. By [KY, Proposition
3], we get DtR/qn = DtS/qn/JtIS, where JtIS is the ideal generated
by hjx  x ∈ IS	 j ≥ 0. Further, since JtIS = IS	 hjgr+1	 
 
 
 	 hjgs 
1 ≤ j ≤ t, we see that DtR/qn is the polynomial ring with vari-
ables djg¯1	 
 
 
 	 djg¯r	 djz¯1	 
 
 
 	 djz¯m  1 ≤ j ≤ t over R, where
dR/qn = d0	 d1	 
 
 
 	 dt	 g¯i = gi + IS and z¯i = zi + IS.
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(2) Let n > 0 be any integer and let qn ⊂ k be a subﬁeld that
is n-admissible for R/k. For an integer t > 0 with pn−1 ≤ t < pn, put
ht = qn. Then ht ⊂ k is a subﬁeld that is t-admissible for R/k. By
(1), DtR/ht is a polynomial ring over R. From the proof of (1), there
exists a subset b1	 
 
 
 	 bd of R such that DtR/ht is the polynomial
ring with variables djb1	 
 
 
 	 djbd  1 ≤ j ≤ t over R, where dR/ht =
d0	 d1	 
 
 
 	 dt. Since R is ﬁnite over htRp, the set b1	 
 
 
 	 bd is a p-
basis of R/ht by [K, (6.18)]. Thus we have R = htRpnb1	 
 
 
 	 bd, and
hence b1	 
 
 
 	 bd is a pn-basis of R/ht by (3.1.3).
Now we get the following main result:
(5.3) Theorem. For each t t = 1	 2	 
 
 
, let qt ⊂ k be a subﬁeld that is
t-admissible for R/k, and for each n n = 1	 2	 
 
 
 let hn ⊂ k be a subﬁeld
that is n-admissible for R/k. Then the following conditions are equivalent:
(1) R is a regular local ring.
(2) DtR/qt is a polynomial ring over R for every t t = 1	 2	 
 
 
.
(3) There exists a pn-basis of R/hn for every n n = 1	 2	 
 
 
.
(4) There exists a pn-basis of R/Rp
n
for every n n = 1	 2	 
 
 
.
Proof. (2)⇒(1). Let t > 0 be an integer. With the same nota-
tions as in (5.1), we have that dimK Z/Z2 = r + tr + m. Let m =
a1	 
 
 
 	 ar r = dimKm/m2. Put qn = qt for the integer n > 0
with pn−1 ≤ t < pn. Then qn is n-admissible for R/k, and thus
there exists a pn-basis y1	 
 
 
 	 ym of K/qt by (4.1). Hence we
have DtK/qt = KDjy1	 
 
 
 	Djym by (3.1.3), where dK/qt =D0	D1	 
 
 
 	Dt. Therefore DtR/qt is an R-algebra generated by
tr +m elements dja1	 
 
 
 	 djar	 djw1	 
 
 
 	 djwm  1 ≤ j ≤ t by
(2.6), where wi + m = yi wi ∈ R and where dR/qt = d0	 d1	 
 
 
 	 dt.
By the assumption, there are ﬁnite variables Y1	 
 
 
 	 Yd such that
DtR/kt = RY1	 
 
 
 	 Yd. We may assume that Yi ∈ Z 1 ≤ i ≤ d.
It follows that Z = m	 Y1	 
 
 
 	 Yd and dimK Z/Z2 = r + d (cf. [O, (2.8)]),
and so d = tr +m. Therefore DtR/qt is the polynomial ring with vari-
ables dja1	 
 
 
 	 djar	 djw1	 
 
 
 	 djwm  1 ≤ j ≤ t over R by [ZS,
Chap. I, Sect. 18, Theorem 15]. Thus dja1	 
 
 
 	 djar  1 ≤ j ≤ t are
variables in DtR/qt for every t. Then we have that a1	 
 
 
 	 ar is an
R-regular sequence by the same reasoning as in (3.3). Hence R is regular.
(3) ⇒ (1). For an integer t t = 1	 2	 
 
 
, put ht = hn for any integer
n > 0 with pn−1 ≤ t < pn. Then there exists a pn-basis of R/ht and ht is
t-admissible for R/K. Furthermore, DtR/ht is a polynomial ring over
R by (3.1.3). It follows from 2 ⇒ 1 that R is regular.
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(1) ⇒ (4). Since R is regular, there exists a p-basis A of R/Rp by
(3.6) of [KN] or (7.5) of [K]. Thus A is a pn-basis of R/Rp
n
for every
n n = 1	 2	 
 
 
.
The remaining assertions follow from (3.3) and (5.2).
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